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7-DIMENSIONAL SIMPLY-CONNECTED SPIN MANIFOLDS
WHOSE INTEGRAL COHOMOLOGY RINGS ARE ISOMORPHIC
TO THAT OF CP 2 × S3 ADMIT EXPLICIT FOLD MAPS
NAOKI KITAZAWA
Abstract. 7-dimensional closed and connected manifolds are important ob-
jects in the theory of classical algebraic topology and differential topology (of
higher dimensional closed and simply-connected manifolds). The class has
been attractive since the discoveries of 7-dimensional exotic homotopy spheres
by Milnor and so on. Still recently, new understandings via algebraic topo-
logical tools such as characteristic classes and bordism relations have been
performed by Kreck and so on.
The author has been interested in understanding the class in geometric
and constructive ways. The author demonstrated construction of explicit fold
maps, which are higher dimensional versions of Morse functions, on the man-
ifolds. The studies have been motivated by studies of special generic maps,
which are higher dimensional versions of Morse functions on homotopy spheres
with exactly two singular points, characterizing them topologically except 4-
dimensional cases and the class contains canonical projections of unit spheres
for example. This class has been found to be interesting, restricting the topolo-
gies and the differentiable structures of the manifolds strictly owing to studies
of Saeki, Sakuma, Wrazidlo and so on. The present paper concerns fold maps
on 7-dimensional simply-connected spin manifolds whose integral cohomology
rings are isomorphic to that of CP 2 × S3.
1. Introduction, terminologies and notation.
7-dimensional closed and simply-connected manifolds are important objects in
the theory of classical algebraic topology and differential topology (of higher dimen-
sional closed and simply-connected manifolds). The class has been attractive since
the discoveries of 7-dimensional exotic homotopy spheres by Milnor and so on. Still
recently, new understandings via algebraic topological tools such as characteristic
classes and bordism relations have been performed by Kreck [9] ,Wang [16] and so
on.
The author has been interested in understanding the class in geometric and
constructive ways and obtained explicit fold maps, which are higher dimensional
versions of Morse functions, on the manifolds. The studies have been motivated
by studies of special generic maps, which are higher dimensional versions of Morse
functions on homotopy spheres with exactly two singular points, characterizing
them topologically except 4-dimensional cases and the class contains canonical pro-
jections of unit spheres for example. This class has been found to be interesting,
restricting the topologies and the differentiable structures of homotopy spheres and
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manifolds admitting them strictly owing to studies of Saeki, Sakuma, Wrazidlo and
so on: for example 7-dimensional exotic homotopy spheres, which are not diffeo-
morphic to the standard sphere S7, never admit special geneirc maps into Rn for
n = 4, 5, 6 and in considerable cases never admit ones for n = 3 ([12], [13], [14],
[15], [17] and so on). It is also an important fact that construction of explicit
fold maps on explicit manifolds is difficult even for fundamental manifolds and in
general. The present paper concerns fold maps on 7-dimensional simply-connected
spin manifolds whose integral cohomology rings are isomorphic to that of CP 2×S3.
A study on understanding the class of these manifolds is demonstrated in [16] for
example.
1.1. Notation on smooth maps and so on. Throughout the present paper,
manifolds and maps between manifolds are smooth and of class C∞. Diffeomor-
phisms on manifolds are always assumed to be smooth and the diffeomorphism
group of a manifold is defined as the group of all smooth diffeomorphisms on the
manifold. For bundles whose fibers are manifolds, the structure groups are sub-
groups of the diffeomorphism groups or the bundles are assumed to be smooth
unless otherwise stated. A linear bundle means a smooth bundle whose fiber is
regarded as a unit sphere or a unit disc in a Euclidean space with structure group
acting linearly in a canonical way on the fiber.
A singular point p ∈ X of a smooth map c : X → Y is a point at which the
dimension of the image of the differential dc of the map is smaller than that of the
target manifold: rank dcp < dimY holds where dcp denotes the differential of c
at p. We call the set S(c) of all singular points the singular set of c. We call c(S(c))
the singular value set of c. We call Y −c(S(c)) the regular value set of c. A singular
(regular) value is a point in the singular (resp. regular) value set of c. ||x|| denotes
the distance between x ∈ Rk and the origin 0 ∈ Rk.
1.2. The definition and fundamental properties of a fold map and explicit
fold maps. Let m > n ≥ 1 be integers. A smooth map from an m-dimensional
smooth manifold with no boundary into an n-dimensional smooth manifold with no
boundary is said to be a fold map if at each singular point p, the map is represented
as
(x1, · · · , xm) 7→ (x1, · · · , xn−1,
m−i∑
k=n
xk
2 −
m∑
k=m−i+1
xk
2)
for suitable coordinates and an integer 0 ≤ i(p) ≤ m−n+12 . For the singular point
p, i(p) is unique and called the index of p. The set consisting of all singular points
of a fixed index of the map is a closed submanifold of dimension n − 1 with no
boundary of the m-dimensional manifold. The restriction map to the singular set
is an immersion. A special generic map, which is explained before, is defined as a
fold map such that the index of each singular point is 0.
Explicit construction of fold maps on explicit manifolds are fundamental, impor-
tant and challenging. It also leads us to understand several important classes of
manifolds such as 7-dimensional or higher dimensional closed and simply-connected
manifolds more in geometric and constructive ways. Through the challenge, we have
obtained the following theorem. For 7-dimensional homotopy spheres, see [1] and
[10] for example.
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Theorem 1 ([2], [3] and so on.). Every 7-dimensional homotopy oriented sphere M
of 28 types admits a fold map f :M → R4 satisfying the following properties.
(1) f |S(f) is embedding and f(S(f)) = {x ∈ R
4 | ||x|| = 1, 2, 3}.
(2) The index of each singular point is 0 or 1.
(3) The preimage of a regular value in each connected component of f is, empty,
diffeomorphic to S3, diffeomorphic to S3 ⊔ S3 and diffeomorphic to S3 ⊔
S3 ⊔ S3, respectively.
A 7-dimensional homotopy sphere M admits a fold map f : M → R4 such that
f |S(f) is embedding and that f(S(f)) = {x ∈ R
4 | ||x|| = 1} if and only if M
is a standard sphere. A 7-dimensional homotopy sphere M admits a fold map
f : M → R4 such that the following properties hold if and only if M is the total
space of a linear bundle whose fiber is S3 over S4 (7-dimensional oriented homotopy
spheres of 16 types are represented as this).
(1) f |S(f) is embedding and f(S(f)) = {x ∈ R
4 | ||x|| = 1, 2}.
(2) For any connected component C ⊂ f(S(f)) and a small closed tubular
neighborhood N(C), the bundle given by the projection given by the com-
position of f |f−1(N(C)) with the canonical projection to C is trivial.
(3) The index of each singular point is 0 or 1.
(4) The preimage of a regular value in each connected component is, empty,
diffeomorphic to S3, and diffeomorphic to S3 ⊔ S3, respectively.
As special generic maps, fold maps of a suitable class of maps considered there
affect the differentiable structures of the homotopy spheres. Note that fold maps
here are round fold maps: a round fold map is a fold map such that the restriction
to the singular set is an embedding and that the singular value set is concentric
spheres. Note also that fold maps here have been obtained as specific cases of fold
maps on manifolds represented as connected sums of total spaces of bundles over
the standard sphere of a fixed dimension whose fibers are standard spheres in [2],
[3] and [6] for example. Related to this fact, manifolds represented as connected
sums of manifolds represented as products of standard spheres admit special generic
maps into suitable Euclidean spaces whose dimensions are smaller in considerable
cases: for example a manifold represented as a connected sum of finite copies of
Sn−1 × Sm−n+1 admits a special generic map into Rn where m > n are positive
integers. We can construct the map so that the restriction to the singular set is an
embedding and that the image is a manifold represented as a boundary connected
sum of finite copies of Sn−1 × I where I denotes the closed interval.
We present the following recent results, showing explicit fold maps on infin-
itely many 7-dimensional closed and simply-connected manifolds. Their integral
cohomology rings are mutually non-isomorphic and they are not represented as
connected sums of manifolds represented as products of standard spheres as before
or we cannot know whether they are represented so in general.
A crossing of an immersion is the point in the target space such that the preimage
has more than 1 points.
Theorem 2 ([7] and [8]). Let {Gj}
7
j=0 be a sequence of free and finitely generated
commutative groups such that G0 = G7 = Z, that Gj is zero for j = 1, 6, that Gj
and G7−j are mutually isomorphic for j = 2, 3 and that the rank of G2 is smaller
than or equal to that of G4.
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(1) In this situation, there exist a closed, simply-connected and spin manifold
M of dimension 7 such that the homology group is free and that Hj(M ;Z)
is isomorphic to Gj and a fold map f : M → R
4 such that f |S(f) is em-
bedding, that the index of each singular point is always 0 or 1, and that
for each connected component of the regular value set of f , the preimage
of a regular value in each connected component is, empty, diffeomorphic
to S3, or diffeomorphic to S3 ⊔ S3. Furthermore, if G2 and G4 are non-
trivial groups, then there exist infinitely many closed and simply-connected
manifolds Mλ of dimension 7 admitting the fold maps as before such that
Hj(Mλ;Z) is isomorphic to Gj and that the cohomology rings of Mλ1 and
Mλ2 are not isomorphic for distinct λ1, λ2 ∈ Λ.
(2) In this situation, there exist a closed, simply-connected and spin manifold
M of dimension 7 such that the homology group is free and that Hj(M ;Z)
is isomorphic to Gj and a fold map f : M → R
4 such that f |S(f) is an
immersion which may have crossings, that the index of each singular point
is always 0 or 1, and that for each connected component of the regular value
set of f , the preimage of a regular value in each connected component is,
empty, diffeomorphic to S3, diffeomorphic to S3 ⊔ S3, or diffeomorphic to
S3 ⊔S3 ⊔S3. Furthermore, if G2 and G4 are non-trivial groups, then there
exist infinitely many closed and simply-connected manifolds Mλ of dimen-
sion 7 admitting fold maps as before such that Hj(Mλ;Z) is isomorphic to
Gj and that the cohomology rings of Mλ1 and Mλ2 are not isomorphic for
distinct λ1, λ2 ∈ Λ.
Furthermore, the class of manifolds admitting fold maps obtained in the latter case
is wider than the former class.
This result captures the cohomology rings of 7-dimensional closed and simply-
connected manifolds of suitable families via explicit fold maps on them into R4.
The following theorem is the main theorem.
Main Theorem. There exist an infinite family {Mk}k∈Z of closed, simply-connected
and spin (oriented) manifolds whose integral cohomology rings are isomorphic to
that of CP 2×S3 such that the 1st-Pontryagin class ofMk is 4k times a generator of
H4(Mk;Z) ∼= Z and these manifolds admit round fold maps {fk :Mk → R
4}. Fur-
thermore, every 7-dimensional, closed, simply-connected and spin manifold whose
integral cohomology ring is isomorphic to that of CP 2 × S3 admits a round fold
map into R4.
Remark 1. [8] announces that the construction of explicit fold maps on manifolds in
Main Theorem is done through the proof of Theorem 2. However, the author found
that it contains crucial errors on construction of maps on these manifolds. This will
be revised and we will remove arguments on construction on the manifolds. Most
of results and arguments are true as the author considers. See also Remark 2 later,
contradicting this statement. Last, we do not need to understand arguments in [7],
[8], and so on well in the present paper.
1.3. The content of the paper and acknowledgement. The present paper
consists of two sections and the next section is devoted to the proof of the main
theorem. We construct an explicit fold map on a 7-dimensional, closed and simply-
connected manifold and see that this is cohomologically CP 2×S3. We also present
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related results. We do not need to understand technique of construction of explicit
fold maps such as arguments in [7], [8], and so on well.
This work is supported by ”The Sasakawa Scientific Research Grant” (2020-2002
: https://www.jss.or.jp/ikusei/sasakawa/).
2. The main theorem and related results.
We will prove the main theorem. We introduce fundamental terminologies.
For a finitely generated and free commutative group G. let a ∈ G be a non-zero
element we cannot represent as a = ra′ for any pair (r, a′) ∈ (Z − {−1, 0, 1})× G
and G is the internal direct sum of the group generated by the one element set {a}
and a subgroup of G. A homomorphism a∗ : G → Z is said to be the dual of a if
a∗(a) = 1 and for any subgroup G′ such that G is the internal direct sum of the
group generated by the one element set {a} and G′, a∗(G′) = {0}.
For a closed and orientable manifold (which is oriented), consider an integral
homology class of degree k. It is said to be represented by a closed and connected
submanifold with no boundary if the class is equal to the value of the homomorphism
canonically induced from the inclusion at the fundamental class of the submanifold
with an orientation or the canonically obtained generator of the integral cohomology
group of degree k.
2.1. The 3-dimensional complex projective space and its structure. The
3-dimensional complex projective space CP 3 is regarded as the total space of a
linear bundle over S4 whose fiber is S2. The following theorem presents several
classical and important properties.
Theorem 3. For the projection piCP 3 : CP
3 → S4 of the linear bundle over S4 whose
fiber is S2, the following properties hold.
(1) There exists a complex projective plane CP 2CP 3 ⊂ CP
3 being a complex
submanifold and representing a generator of H4(CP
3;Z), isomorphic to Z.
(2) piCP 3 |CP 2
CP3
is a covering on the preimage of a smoothly embedded 4-
dimensional standard closed disc in S4.
(3) There exists a complex projective line CP 1CP 2 ⊂ CP
2
CP 3 being a complex
submanifold and representing the generator of H2(CP
3;Z), isomorphic to
Z. The complex projective line can be taken as a fiber of the bundle.
(4) The square of the dual of the integral homology class represented by CP 1CP 2
with an orientation is the dual of the integral homology class represented
by CP 2CP 3 with an orientation. The product of the dual of the integral
homology class represented by CP 1CP 2 with an orientation and the dual of
the integral homology class represented by CP 2CP 3 with an orientation is
a generator of H6(CP 3;Z), isomorphic to Z.
2.2. A proof of the main theorem. We consider a submersion obtained by
composing the canonical projection from CP 3 × S1 to CP 3 with piCP 3 : CP
3 → S4
in Theorem 3. We have a 7-dimensional, closed, simply-connected and spin manifold
M and a fold map fS4 : M → S
4 by exchanging a restriction to the preimage of
a smoothly embedded 4-dimensional standard disc so that the following properties
hold.
(1) The integral cohomology ring of M is isomorphic to that of CP 2 × S3.
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(2) fS4 is a fold map such that the singular set S(fS4) is diffeomorphic to S
3
and that fS4 |S(f
S4
) is an embedding.
(3) The preimage of a regular value of each connected component of S4 −
fS4(S(fS4)) is S
3 and S2 × S1, respectively.
(4) The integral homology class represented by the submanifold we can re-
gard S2 × {∗} ⊂ S2 × S1 of the preimage of a regular value diffeomor-
phic to S2 × S1 is a generator of H2(M ;Z) ∼= Z. The integral homology
classes represented by the preimages of regular values are a generator of
H3(M ;Z) ∼= Z. The square of the dual of the integral homology class
represented by S2 × {∗} before with an orientation is the dual of the in-
tegral homology class represented by a complex projective plane with an
orientation in M .
(5) The 1st Pontryagin class of M is 0 ∈ H4(M ;Z).
We take the union of two smoothly and disjointly embedded 4-dimensional stan-
dard closed discs D1 and D2 which are mutually in distinct connected components
of the regular value set of fS4 . By composing the restriction of fS4 to the preimage
fS4
−1(D1 ⊔D2) and a natural 2-fold covering over a 4-dimensional standard closed
disc D0, we have a trivial bundle over D0 whose fiber is S
3 ⊔S2×S1. We consider
the projection and embed the base space as the space {x ∈ R4 | |x| ≤ r0} for a pos-
itive integer r0 > 0 and we denote the resulting submersion by f¯r0 . The restriction
of fS4 to fS4
−1(S4− IntD1⊔D2) is regarded as a product map of a Morse function
with exactly one singular point and the identity map on idS3 . On the domain of
this, we can construct a product map of a Morse function f¯ and the identity map
on idS3 such that the Morse function satisfies the following properties.
(1) The function is a function on a manifold diffeomorphic to a manifold ob-
tained by removing the interior of a 4-dimensional standard closed disc
smoothly embedded in the interior of S2 ×D2 and the minimum is r0.
(2) The preimage of the minimum r0 of the function coincides with the bound-
ary and contains no singular point.
(3) The function has exactly three singular points and at distinct singular
points, the values are distinct.
We can set the target space of the function f¯ as the half-closed interval [r0,+∞) ⊂
R. Thanks to structures of manifolds and maps, we can glue the maps f¯r0 and the
product map of f¯ and the identity map on the boundary of {x ∈ R4 | |x| ∈ r0}
to obtain a global fold map on the original manifold M into R4. The 4th and 5th
properties of M and fS4 :M → S
4 together with fundamental propositions on 1st
Pontryagin classes enable us to construct a similar fold map on a manifold whose
integral cohomology ring is isomorphic to that of M (, which is oriented suitably,)
and whose 1st Pontryagin class is 4k times a generator of H4(M ;Z) ∼= Z for an
arbitrary integer k. We need to change the way we glue the trivial bundle over D0
whose fiber is S3. See [11] and see also Theorems 3 and 4 of [7].
This yields the following main theorem. A round fold map is a fold map such
that the restriction to the singular set is an embedding and that the singular value
set is concentric. The class of round fold maps was first defined by the author in
2010s and have been systematically studied. See [2], [3], [4], [5] and [6] for more
detailed presentations.
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Figure 1. The images and preimages of regular values of round
fold maps in Theorem 4: circles represent the singular value set
and 3-dimensional spheres.
Theorem 4. There exist an infinite family {Mk}k∈Z of closed, simply-connected and
spin (oriented) manifolds whose integral cohomology rings are isomorphic to that
of CP 2 × S3 such that the 1st-Pontryagin class of Mk is 4k times a generator of
H4(Mk;Z) ∼= Z and a family of round fold maps {fk : Mk → R
4} satisfying the
following properties.
(1) The singular set of each map consists of exactly three connected compo-
nents.
(2) The preimage of a regular value in each connected component of the regular
value set in the image is diffeomorphic to S3, S2 × S1 and S3 ⊔ S2 × S1,
respectively.
See also FIGURE 1.
Theorem 5 ([16] and related fundamental and classical results). (1) For an ar-
bitrary 7-dimensional, closed, simply-connected and spin manifold X whose
integral cohomology ring is isomorphic to that of CP 2×S3, consider an iso-
morphism φ of integral cohomology rings from the integral cohomology ring
of CP 2×S3 onto that ofX and set a as a generator ofH2(CP 2×S3;Z) ∼= Z.
In this situation, the 1st Pontryagin class of X is represented as 4kφ(a) for
some integer k. Moreover, the topology of a 7-dimensional closed, simply-
connected and spin manifold whose integral cohomology ring is isomorphic
to that of CP 2 × S3 is determined by its 1st Pontryagin class.
(2) For any pair of mutually homeomorphic 7-dimensional, closed, simply-
connected and spin manifolds whose integral cohomology rings are isomor-
phic to that of CP 2 × S3, one of the two manifolds is represented as a
connected sum of the other manifold and a suitable 7-dimensional homo-
topy sphere. Moreover, for a 7-dimensional, closed, simply-connected and
spin manifold whose integral cohomology ring is isomorphic to the integral
cohomology ring of CP 2 × S3, consider a pair of manifolds each of which
is represented as a connected sum of the given manifold and a homotopy
sphere. They are diffeomorphic if and only if the homotopy spheres are
diffeomorphic.
Corollary 1. A 7-dimensional, closed, simply-connected and spin manifold whose
integral cohomology ring is isomorphic to that of CP 2 × S3 always admits a round
fold map into R4.
Proof. Theorem 5 implies that a 7-dimensional, closed, simply-connected and spin
manifold whose integral cohomology ring is isomorphic to that of CP 2×S3 is always
represented as a connected sum of a manifold in Theorem 4 and a 7-dimensional
homotopy sphere. [3] and also [2], [6], and so on, show construction of a new round
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Figure 2. Construction of a round fold map on the manifold rep-
resented as a connected sum of the two manifolds admitting fold
maps in Corollary 1: for example manifolds represent preimages of
regular values in the connected components of the regular value
sets.
fold map from a round fold map in Theorem 4 and a round fold map in Theorem
2. We take a 4-dimensional, standard and closed disc in the connected component
of the regular value set of the former map in the center and remove the interior
of a connected component, regarded as the total space of a trivial bundle over the
disc whose fiber is S3 of the preimage. We remove (the preimage of) the union of
the interior of the small closed tubular neighborfood of the outermost connected
component of the singular value set of the latter map and the complement of the
image. We glue the two obtained maps in a suitable way to obtain a round fold
map on the desired manifold. See also FIGURE 2. This completes the proof. 
Remark 2. The author believes that we can prove the following fact: 7-dimensional
manifolds of Theorems 3, 4 and 5 and Main Theorem never admit special generic
maps or fold maps into Rn (n=1,2,3,4,5,6) such that the index of each singular
point is 0 or 1 and that preimages of regular values are disjoint unions of standard
spheres as in Theorems 1, 2, and so on.
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